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INTRODUCTION 
Let G be a Chevalley group of rank 1 defined over a field F = F, of q 
elements. We are interested in describing the lattice of overgroups of 
certain subgroups of prime order r, namely, those groups R such that 
C,(R) is abelian with a cyclic S,-subgroup. Subgroups of G of order r with 
this property will be called rigid r-subgroups and their nontrivial elements 
will be called rigid elements. Because this group-theoretic property is 
preserved in all overgroups of R, the characterization of the overgroups of 
this class of subgroups in terms of arithmetic and algebraic group theoretic 
properties that is obtained in this paper will give necessary conditions for 
a quasisimple group to be an overgroup. This is the first paper in a series. 
Using the classification of finite simple groups, the lattice of overgroups of 
these groups will be discussed in later papers. The characterization given 
here provides the basis of this investigation by tying together the arithmetic 
properties of Zsigmondy primes, given in terms of the classification and 
structure of tori that are determined by invariants obtained from the Weyl 
group. 
In the case of certain classical groups such as SL(n, q), SU(2n, q), Sp(2n, q), 
SO- (2n, q), acting on a natural module I’ of dimension n, a rigid r-group 
acts irreducibly on I’. In other cases, it acts irreducibly on a hyperplane of 
V or, in the case of groups of type S0+(2n, q), on a subspace of codimen- 
sion 2. Rigid r-subgroups are contained in certain maximal tori among 
which are the Coxeter tori. These tori are a particular type of regular tori, 
which we call strongly regular. Regular tori were first studied and identified 
by T. A. Springer [6], and his theory has formed a point of departure for 
our arguments. In [ 121 we provide a general theory of the structure of root 
lattices which provides the basis for several key results in this paper. 
Overgroups of maximal tori have been studied by G. Seitz [S]. His 
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methods involve using the root groups, which are subgroups of the 
unipotent subgroup of a Chevalley group, and his results are incomplete 
for fields of small prime characteristic and some fields of small order. The 
approach given in this paper, which involves the study of maximal tori, 
gives more complete results for the class of tori studied. The rigid 
r-elements of G are regular semisimple lements of G. These were studied 
by Veldkamp [ 111. Our results provide a description given by their orders 
of the regular semisimple lements in the tori which we study. 
1. TORI IN ALGEBRAIC GROUPS 
(1.1) In using the theory of algebraic groups we follow methods 
introduced by R. Steinberg [9] that were later extended by T. Springer and 
R. Steinberg [7] and R. Carter [3, Chap. 31. In the sections immediately 
following, we will review this theory and recall some basic definitions in 
order to establish our notation and conventions and to clarify the basis of 
our arguments. 
Let F, denote a finite field of q elements, where q is a power of a prime 
p, and let F denote an algebraic closure of F,. We set IF = lF,. Throughout 
this paper G designates a connected reductive almost simple algebraic group 
over f and 0 denotes a surjective endomorphism with a finite kernel G,. Two 
connected groups are said to be isogenous if their nonabelian composition 
factors are isomorphic. The isogeny class of G is determined by the Dynkin 
diagram associated with G. By a Chevalley group G we mean the 
commutator subgroup G& of G,. We exclude the types A r(2), A,(3), 
2A2(4), 2C2(2), and ‘G,(3), where G is solvable. Thus G& is nonabelian. 
Throughout this paper take G= Gb. In order to obtain consistency in 
notation we respectively take q2 = 22”f ‘, 32n+ ‘, 22”+1 in the last three 
cases so that these groups will be described as ‘C2(q2), ‘G,(q’), and 
2F4 (q*), respectively. 
(1.2) The a-invariant tori of G are in bijective correspondence with the 
elements of the Weyl group FP of G. More precisely, let T,-, be a maximally 
split o-invariant maximal torus, that is, a a-invariant maximal torus that is 
contained in a a-invariant Bore1 subgroup of G. Set 
- - 
iv= W( T,) = N& T#z,( T,). (1.3) 
Let T be a a-invariant maximal torus of G; then T= gT, for some g E G. 
Let 7~: NG(r,) -+ F be the natural mapping. Let 7’= n( g-lo(g)). The 
a-conjugacy class of 7' is the set {pP’r’cr(p) 1 p E r}. This is an element of 
the galois cohomology group H’(a, w); its elements are those that are 
690 JOHN H. WALTER 
determined by the elements of the orbit of T under the action of G,, 
and T is said to be obtained from TO by twisting with r’. It is called a 
a-conjugacy class of W associated with i? It also is determined inde- 
pendently of the choice of TO as a c-invariant maximally split maximal 
torus. Henceforth we take TO to be a fixed maximally split a-invariant 
maximal torus of G. 
Given a maximal torus T of G, designate the character and cocharacter - - -- -- 
groups Mor( T, F x ) and Mor( F x, T) by X(T) and Y(T), respectively. Set -- -- 
x=X( T,) and Y= Y(T,), and let X, = R@, R’ and P, = F@, R. Then o 
induces mappings on both B and Y, which are contragredient o each 
other; we also denote these by (T. They are given by o(x)(t) = ~(a~ ‘(t)) and 
a(i)(ll)=[~([(;i)) for XEX, [E F, and REF~. Using the inclusions 
8+x@lcx, and P-+P@lsP,, 0 corresponds to the isomorphism 
O* = o @ 1, which we may take as defined on either R, or Fn as the case 
may be. Clearly CJ* leaves invariant the set C of roots in 8, and the set C ” 
of coroots in Y,. 
The action of r = wC,(TO) E F?’ on F is defined by [H <‘, where 
(r)(A) = w -‘([(l))w for 1~ [F”. Th e mapping r H Or induced by CJ on W 
then coincides with t H O*ZO*- ’ when F is taken to act on 9,. A similar 
situation exists for the action of W on Tn. There exists an isometry. rO of 
8, such that cr*(c)=(t;‘q)[ for {E Y,, where qe[w is determined by (T 
independently of the choice of TO [7,11.1]. With the exceptions of the cases 
2C2(22n+1), 2G2(32”+1), and 2Fh(22n+‘), rO can be chosen to permute the 
elements of a base of Z “, and, in any case, it can be chosen so that 
70 wf; 1 = E Since c~* leaves invariant the lattice P@ 1, the representation 
of W(a*) on P, is defined over Z. The representation of r,, on F, is 
defined over Q[q], and Q[q] =Q except when G has type 2C2(22n+1), 
2G2(32n+ ‘), or 2Fq(22n+ ’ ), where Q[q] = O[$], 6 = 2, 3, or 2, respec- 
tively. In these cases fir0 is defined over Q inasmuch as 
o* = ($~o)p’(q2)n+ l. 
The correspondence t’ H ~~7’ is a bijection of 6V+ zO IV, and the 
o-conjugacy classes in W correspond to the orbits of E’ acting on rO iii by 
conjugation. Let rr-f. denote the restriction of 0 to a a-invariant maximal -- -- 
torus F, where T= “TO for some g E 6. Set Y(T), = Y(T)@ R. Under the 
mapping Int(g-‘): T+ TO,, the mapping o$ induced by or on F((T), 
corresponds to r’-‘a*: P, + F,, where z’ is the element of r that twists 
T from TO [3, Prop. 3.3.41. Now ~‘+‘a* = C’z;lq = C1zglq. Set 
r = tOr’. Then 
c-$.=7-‘q. (1.4) 
We say that the o-invariant torus T is obtained from a-invariant torus rT, 
by intertwining with z or that ? intertwines Tfrom T,,. Intertwining rather 
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than twisting plays the fundamental role in our theory. Of course, when 
r0 = 1, r = r’ E @ii; so intertwining with r is then the same as twisting with 
I 7. 
(1.5) A torus T of G, or of G is a subgroup T such that T= TO = 
Tn G, or T= Tn G, respectively, for some a-invariant torus T of G; T is 
said to be maximal if T is maximal and maximally split if T is maximally 
split. If T is a maximal torus of G, then TS T, for some a-invariant 
maximal torus T of G, and then T,,‘,/T is isomorphic to a subgroup of G,/G. 
Most properties that are asserted for Tn G immediately inherit to Tn G,,. 
Let T be a torus of G, or G so that T= TnG,, or T= TnG for some 
torus T of G. Then T is said to be nondegenerate if C,(T)‘= T, where 
C,(T)’ is the connected component of C,(T). This is equivalent to having 
NG( T) = NG( T,) = NG( T) and C,(T) = C,( T,) = T. The degenerate tori 
are known, having been computed by Veldkamp [lo]. 
Set W( To) = N,J TO)/C,( T,) and W(T) = N,( T)/C,( T). Then it - - 
follows that W(T), g W( Tc) [3, 3.6.51 if T, is nondegenerate and, by (iii), 
W( TO) E W(T) if T is nondegenerate. Following our conventions, we also 
set W= W( T,) when To = (To),. 
Let To be a maximally split maximal torus of G. A nondegenerate 
maximal torus of G will be said to be twistedfrom To or to be intertwined 
from To by the element r of W(ro) if r respectively twists or intertwines 
from To the unique o-invariant maximal torus of G in which it is contained. 
(1.6) A semisimple lement u of G is said to be regular if its connected 
centralizer C,-(u)’ is a maximal torus T of G. Set T= r,, and let u E T. 
Then it follows that TC C,( T)‘s CG(u)’ = i=. So equality holds and T is 
a nondegenerate torus of G if it contains a regular element of G. 
Associated with a system f ” of coroots of G is the set Y of torsion primes. 
These are the primes that divide the coefficients in the expansion of the 
dual of a highest root as a linear combination of fundamental coroots. 
There are no torsion primes for groups of type A, or C,; 2 is a torsion 
prime for all remaining types of groups; 3 is a torsion prime for and only 
for groups of types F4, E,, E,, and E, ; and 5 is a torsion prime for and 
only for groups of type E, [7, 1.4.41. 
(1.7) LEMMA. Let T be a nondegenerate torus of G. Let T be the 
o-invariant maximal torus of G such that T = Tn G. 
(i) Let t be an element of T whose order is not divisible by a torsion 
prime of G. Then t is regular in G tf and only if C,(t) is abelian. 
(ii) Let 5 be an element of m(70) that intertwines T from a - - 
maximally split torus To of G. Then (W(T)), z W(T) = C,(v) where 
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v = Int( g)r, and W(T) is sent onto C,(z) by the mapping induced by 
Int( g-‘),r, where T= gTOfor g6 G. 
ProoJ (i) Since (cl is not divisible by a torsion prime of G, C,(t) is a 
connected reductive subgroup of G [7, IIS.ll]. Thus C,(t) is a maximal 
torus if and only if C,(t), is abelian (cf. (1)); (i) follows because C,(t) is 
abelian if and only if C,(t), is abelian inasmuch as C,(t) is a connected 
reductive group. 
- - 
(ii) Because T is nondegenerate, ( W(T)), E W( TO) = NG,( TO)/ 
C&TO) by (1.5). Take gee such that T= “TO. Then Int(g-‘) sends the 
mapping that is induced by cr on r(T) to the conjugation induced by - - 
a$ on iii. Thus W(T) = W(T), maps onto C&a*) E C,(t). Hence if 
v = Int( gP’)z, then W(T) --* C,(z) since W(T) g C,(v). 
(1.8) We wish to relate the structure of a maximal torus T of G inter- 
twined by an element z of E with the structure of P considered as a 
H[a$]-module and with the structure of P, considered as an R[t]- 
module. Let Q denote the rational numbers and QP, denote the additive 
subgroup consisting of fractions whose denominators are prime to p. Then 
Q,./n~P. The Snake lemma gives the well-known isomorphism 
TE Y/(a$ - 1) Y. Because we use this lemma in detail, it is useful to review 
the following commutative diagram with exact rows and columns, on 




where $: y -+ yQ 1 for y E B and rc is induced by the natural mapping 
Q,,, --* Q,./Z’. Furthermore, since Q,./Z z [F x, there is an isomorphism 
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p*: P@Q,Jz-+ To, where p*(y@i)=y(A); take p=Int(g)p*,KO: K,,+ T, 
where KO is the kernel of (a$ - 1) @ 1 o,,,z on F@ 9p,/Z and g E C is given 
by T= “TO. Let u = Int( g)r; then up = pr. Let q: Y + y/(o$ - 1) P be the 
natural mapping. Now (aF - l)@ ld,,: 90 Q,. + 8@Q,, is bijective. By 
virtue of [3, Prop. 3.321, the Snake lemma implies that the mapping 
5: T-+ y/(aF - 1) Y that is given by r = &‘((o$ - l)@ 1)) n-‘p-’ is 
an isomorphism. Set 6’ = 5 -‘q. Then f3 = PX((C$ - 1) 0 l)-‘$, and 8 is an 
epimorphism of Y onto T with ker 8 = ker q = (OF - 1) 7. 
We remark that O( TO) g y,,/( FO n (a$ - 1) FO) when TO is a OF-invariant 
submodule of F. Therefore, 1 O( F,,) 1 = det rO (r~ $- 1) = det FO (r - q), where 
detrO(op- l)=detF((o*- l),rJ. 
2. ROOT LATTICES AND REGULARITY 
We now have the occasion to consider the action of W on the cocharac- 
ter module P of G and its real extension P,. We use the theory given in 
[12]. The Weyl group lP acts as a real reflection group on V,. The 
isometry rO satisfies rO FVr;’ = IV. Call m(~~) an extended Weyl group. 
Consider an element z E IV+,). A subgroup FO of an extended Weyl 
group that is generated by reflections is called a Weyl subgroup. Then 
ITo= r,x rzx ... x Wk. (7-l) 
The root systems Ci corresponding to the reflections in each component 
IVj together generate a root system C, for rO. A subgroup IVi is said to 
be irreducible if the corresponding subsystem Ci is irreducible. Let Y, be the 
subgroup of generated by the subsystem Ci. Then 
Y(j= Y,@ Y,O ... 0 Yk. (2.2) 
A root subsystem C, is said to be closed in C if every root y EC of the 
form a + p with CI, /I E C, also belongs to C,. Let (~1, /I) H (a, /I) denote 
the nonsymmetric bilinear form defined on Y which IV leaves invariant, 
The mapping a H a = 2a/(a, a) maps C onto a dual root system Z * of C. 
Thus the dual ,Z’* to a system Z of roots of G is isometric to the system 
C” of coroots of (7 and conversely. The action of W on F is the con- 
tragredient of the action of m on X A Weyl subgroup r,, is said to be 
stabilized by an element r E I7 if z normalizes each irreducible compo- 
nent of IV,,. It is said to be regulated by r if it is generated by the minimal 
Weyl subgroups stabilized by t and if it has a root subsystem Z, which is 
closed in Z. It is proved in [12] that there is a unique Weyl subgroup FVr 
regulated by T. 
A Y-subgroup is a group divisible only by primes in the set Y of torsion 
primes. The following theorem is a part of the theory presented in [ 123 
and is extended to the case where z is in I%,. 
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(2.3) THEOREM. Assume that G does not have type 2C2(22n+‘), 
‘C,(3’“+‘), or *Fq(2’“+’ ). Let P be the cocharacter module of G, and let 
z E W’( Y,> be an element which acts on yrn with characteristic polynomial 
f,(x). Let Y be the root lattice generated by the set Z” of coroots in y. 
Let Y, be the root lattice of the subsystem C,V associated with the Weyl 
subgroup Wz regulated by z. Then Y/Y, is a Y-group and 
Yo' 6 Yj, (2.4) 
i=l 
where the submodules Yi are the root lattices of the components Wi of mT, 
each of which is a cyclic h[r]-module with minimal polynomial fir(x) 
satisfying 
fT(X) = n fir(x). (2.5) 
i=l 
ProoJ This is proved in [ 121. 
Take the polynomials fi,(x) to be manic. Since t has finite order, their 
roots are roots of unity. As each fir(x) E R[x], it is also a minimal polyno- 
mial for rP ‘. Let fir(x) = CT: i a,x’; then fifi, (x) = C’J; 1 a,,-ix’. Because 
R[r] = R[o$], Yw is also an R[a$]-module. By (1.4), a$=r-‘q. The 
manic polynomial g,(x) such that gi,(a$) = fir(zp’) is given by gi,(x) = 
q”lfi,(x/q) = qm’Cy;l a,(x/q)‘= qrn’Cy:, a,,-,(x/q)j=Cy:, am,Pjqm’P’x’. 
The polynomials g,,(x) are the minimal polynomials that are associated 
with each FIR, for i= 1, 2, . . . . k, when it is taken as a R[a$]-module. Also 
g,,(x)EZ[x] since o$ leaves invariant the H-lattice P@ 1. Hence ajq’EZ 
and fi,(x)E Q[x] in as much as G does not have type ‘C,(2*“+‘), 
2G2(32nf1), or ‘Fq(2’“+‘). Furthermore, 
gio(l)=fifi,(q)’ (2.6) 
Let O,(X) denote the minimal normal Y-subgroup of a group X, and let 
O’(X) denote the minimal normal subgroup of a group X such that 
X/O ‘(X) is a Y-group. If n is an integer denote by n r the Y-part of n and 
set nr.=n/nr. 
(2.7) THEOREM. Suppose that G does not have type 2G2(22”+‘), 
2G2(32n+1), or 2Fq(22n+’ ).Assume that P= Y so that G is simply connected. 
Let T be a maximal torus in G that is intertwined by an element z E W. Let 
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0 : P + T be the epimorphism defined in (1.8). Then ll( Y) = 0 ‘( T) and 
corresponding to (2.4) 
O’(T)=Or(~;,)xOr(~~)x ... x0’(&), (2.8) 
where tl( Y,) = pl and 0 ‘( Ti) is a direct product of e, cyclic groups of order 
f,,(q)r,. 
Proof. By (1.4) ((T$ - 1) Y, is an Z[r]-module. By (2.4), (a? - 1) Y, = 
@:=,(a?- 1) Yi and Yi= @r-i Yi, where each Y, is a cyclic Z[s]- 
module. So Yin (o$ - 1) Y,= (OF - 1) Y,. Therefore 
Y,/(a$-l)Y,E 6 Y,/(a$-l)Yi (2.9) 
r=l 
as Z[r]-modules. Since F/Y, is a Y-group, (o$-- 1) Y/(0?- 1) Y, 
is a Y-group. Let 8: F+ T be the epimorphism given in (1.8). 
Then (rr?-l)FnY,=kerQnY, and so (kerBnY,)/(a$-l)Y,)s 
0 ,( Y,,/(o$ - 1) Y,). Therefore, 
But (2.9) implies that 
Yo/(aF- l)Yo k Yil(a$ - l.J yi 
Or(Yol(fJ~- l)Yo) =,?, O,(Y,/(gT- 1)Y;) 
(2.11) 
As i?/Y, is a Y-group, it follows that 0 ‘(0( YO)) = 0 ‘(e(Y)) = 0 ‘(T) and 
that 0’(0( Y,))= O’(pi). Therefore (2.10) and (2.11) imply (2.8). 
We argue last that T, is cyclic of order fir(q) rs. By (2.6), 
IYJ(a$- l)Yil =gi,(l)=hfi,(q). Consequently [Or( =fir(q)r,. By 
virtue of (1.4) 71y,l(+ i)r, = qlr,,c,;- i,r,. Therefore if Y,= Z[r] yi, then 
Yj/(oT- 1) Y~=Z[T] Y~/((T;- 1) Yi=Zy,/(GT- 1) Y;. Set ti=Q(y,). Thus 
O(Z[r] yi) = B(Zyi) = 0( yi)’ = t: = ( ti). Therefore Ti is cyclic of order 
“h(4) I,’ 
(2.12) In order to identify the components in (2.4) more carefully, we 
need some concepts and results from Springer’s paper [6]. Let V= VR 0 C 
and extend the action of W(7,) to V. An element 7 E I is said to be 
reg&r if it has an eigenvector v E V that is not contained in any of the 
reflecting hyperplanes of the reflections of IV’; such an eigenvector is also 
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said to be regular. The eigenvalue of a regular element r on a regular eigen- 
vector is a primitive &h-root of 1 for some integer d, and we will say that 
t is regular of degree d. These numbers are called regular numbers by 
Springer [6], who determined them and also specified the characteristic 
polynomials of these elements. It is shown in [ 121 that the restrictions 4, ,,, 
of the element z to the submodules Y, in (2.4) are regular elements of W,. 
Let a,(c) denote the dimension of the eigenspace Vi of a regular element 
r of W(z,) with eigenvalue [. We say that z is strongly regular if a,([) = 1 
and l/[ is generated by a regular vector. We show that the rigid tori of G 
are those that are intertwined by strongly regular elements of F(r,,). 
Because the representation of W(z,) on I/ is defined over Q[$], the 
galois group Gal( UJQ [J5] ) acts on V and permutes transitively the 
eigenspaces of z which belong to those primitive dth-roots of 1 that are 
roots of the characteristic polynomial f,(x) of z. So all eigenvectors that 
belong to these eigenspaces are regular when z is strongly regular. 
Springer [6, 4.21 shows that the centralizer C,(r) of a regular element 
z of W is a complex reflection group with invariant polynomials whose 
degrees are those degrees di of IV which are divisible by d. In the case of 
strongly regular elements of F, it follows from [6,4.2(ii)] that d divides 
exactly one degree d,. Therefore C,(r) is cyclic of order d,,. By virtue of 
(1.7) NG(T)/Cc(T) z W(T) = C,(o), where T is a maximal torus of G 
intertwined from TO by r E F and o = Int( g)t when T= g T. When z E @‘T,, 
the same result follows from [6,6.4] when d,, is given to be the unique 
degree of an invariant polynomial of w such that E,[~O = 1 for a primitive 
dth root of 1, where .sO is the factor of rO associated to the invariant poly- 
nomial of degree d,,. 
It is also an immediate consequence of Theorems 4.2 and 6.4 of [6] that 
two elements t1 and r2 of zO F that are regular of degree d with the same 
eigenvalue of order d are conjugate. The characteristic polynomial fTI(x) = 
fr,(x) for both tr and r2 is a product of cyclotomic polynomials O,, where 
e < d by virtue of [6].’ A regular element z is strongly regular if and only 
if its characteristic polynomial f,(x) in Z[S][x] factors so that 
f,(x)=@Jx).L(x), (2.13) 
where Qd(x) is an irreducible cyclotomic polynomial for a primitive 
dth-root of 1 in the coefficient field Q[@] of f=(x) and TX(x) is the 
’ When r E w, this follows from [6, Theorem 4,2(iii)] which asserts that 1~1 =d so that 
f,(x) 1 xd- 1. However, when r$ ii: a case by case inspection of the characteristic polyno- 
mials f,(x) shows that d= 151 except when W(r,) has type *D,, I even and f,(x)= 
(x’~’ - 1)(x+ 1). Consequently (2.12) holds. A summary of this material is contained in 
Table I of 1121. 
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product of polynomials Q,(x) with e 1 d, e < d, and i = 1, 2, . . . . k, so that 
(@d(X)? X:(x)) = 1. 
The following result is critical. 
(2.14). THEOREM. With the notation and assumptions of Theorem (2.3), 
given an element z E W’(z,), the irreducible Weyl subgroups Wi and the 
submodules Yi given in (2.1) and (2.4) are uniquely determined by T. 
Furthermore the restriction T,,,, is a strongly regular element of W’, ( T >. 
Proof The argument is given in [ 121 where all the possibilities are 
specified. 
3. ZSIGMONDY PRIMES AND RIGID SUBGROUPS 
Let r be a prime dividing Qd(q), but not @Jq), for e < d; then r is said 
to be a Zsigmondy prime of degree d relative to q. Zsigmondy showed that 
these primes of degree d for q exist when (q, d) # (2,6) when d > 2 (cf. [ 11, 
[4, IX, Sect. 81, or [ 131). If r is a Zsigmondy prime of degree d, then 
r = kd + 1 2 d + 1 by Fermat’s theorem. Let T be a maximal torus of G that 
is intertwined by an element r of @(r,) of order fr(q) such that fr(q) = 
@d(q)?r(q) and (@d(x)y?Tb))= 1 as in (2.3). Then we say that r is a 
Zsigmondy prime of degree d relative to q for T if r divides Qd(q) but not 
L(9). 
(3.1) THEOREM. Let T be a nondegenerate maximal torus of G, that is - - 
intertwined by an element r E r0 w. Let v = Int( g)z E W(T), where T= gT, 
for g E G. if c is a positive integer, then C,(v’) consists of the elements of 
T of order dividing q’ - 1. 
Proof We use the mappings defined in (1.9). Take t E C,(u’) and 
yp,~z~‘pl(t) so that yp,e YOQ,.. Since t = vet, y,. E r’y,.(mod P@ 1). 
But also a$~,, =_yP, (mod P@ 1) by the commutativity of (1.9). Then 
~y,.=qy~’ (mod Y@ 1) since o$=~~‘q, and this implies ~‘y~.=q~y~. 
(mod Y@ 1). Thus 
(r’-l)y,._(q’-l)y,.~O (mod FO 1). (3.2) 
Apply prc to (3.2) in order to obtain PC -’ = 1. 
Conversely let PC - ’ = 1. Then (q’- 1) y,,=O (mod F’ol). By the 
commutativity of (1.9), z’y,, = q’y,, (mod 90 1). So (3.2) still holds, and 
t E C,(v’) by again applying pn to (3.2). 
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(3.3) Let r be a prime. Recall that an element of G of order Y is be said 
to be a rigid r-element provided that Co(t) is abelian and has a cyclic 
S,-subgroup R. It is clear that R is also an S,-subgroup of G. A subgroup 
generated by a rigid r-element is called a rigid r-subgroup. An S,-subgroup 
is called a rigid Syfow subgroup if it contains a rigid element. A maximal 
torus of G that contains a rigid r-subgroup for some prime r is called a 
rigid torus of G. 
The next two theorems allow us to tie together the arithmetic, 
algebraiccgeometric, and finite group-theoretic properties of rigid 
r-subgroups. 
(3.4) THEOREM. Let r be a prime distinct from p. Let t be an r-element 
of G such that Go(t) has a cyclic S,-subgroup. Then t is a rigid r-element if 
and only tf it is a regular semisimple element of G and r is not a torsion 
prime. If t is a rigid r-element, then C,(t) is a maximal torus of G and t is 
regular. 
Proof Consider first that t is a regular semisimple element of G and 
that r is not a torsion prime for G. Then Co(t) is a maximal torus of G by 
Lemma (1.7). So t is a rigid r-element of G. 
Conversely consider that Co(t) is abelian for some element E G of order 
r. Because r #p, t is semisimple in G; thus the connected component 
Co(t)” is reductive. As Co(t) is abelian, so is Co(t)’ (cf. (1.1)). Hence 
Co(t)” is a torus of G, and t is regular. Since an S,-subgroup R, of C,(t) 
is cyclic, it is an S,-subgroup of G. To see that r is not a torsion prime, it 
suffices to show that G possesses a noncyclic S,-subgroup when s is a 
torsion prime, in which case s = 2, 3, or 5 in accordance with (1.6). This is 
obvious when s= 2. When s= 3, G has type F,(q), 2P4(22n+ I), E,(q), 
2E,(q2), E,(q), E,(q), and, when s= 5, G has type E,(q). In these cases, G 
contains a parabolic subgroup with two Levi factors each of whose orders 
are divisible by s. 
The last statement now follows from Lemma (1.7). 
(3.5) THEOREM. Let T be a maximal torus of G which is intertwined by 
an element z of @(z,) of order d. Let V = P@ @. 
(i) Assume that z is strongly regular in V?‘(s,). Let f,(x) be the 
characteristic polynomial of z acting on V. Take r to be a Zsigmondy prime 
relative to q of degree d for T that is not a torsion prime for G. If r (f*(q), 
then the elements of G of order r are rigid. 
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(ii) Assume that T contains a rigid r-element for some prime r. Then 
T is nondegenerate, z is strongly regular, and r is a Zsigmondy prime of 
degree d for T relative to q that is not a torsion prime for G. 
ProoJ: (i) Let i be a dth-root of 1 such that ad([)= 1. Then Qd(x)# 1 
only if i= 1. By (2.3), f,(x) = Qd(x)TZ(x). Assume r divides ITI = f,(q). 
Then r ( Qd(q) and r [T7(q). Thus an S,-subgroup R of T is cyclic. 
Let t be an element of T of order r. We will argue that it is in general 
position in order to show that t is regular [7]. Thus we must show that - - 
no element of W(T) fixes t. Take DE W(T)(og) SO that Int(g-‘)v=z 
where T= “To. We wish to determine W(T) by obtaining the structure of 
C,(r) (cf. (1.5)) and to compare its action on T with the action of T. When 
r E 8’, the degree d is the order of T on the one hand. On the other hand, 
because T is strongly regular, it follows from [6, Theorems 4.2, 6.41 that 
C,(t) is cyclic of order d,. Suppose T is contained in a proper parabolic 
subgroup with a Levi factor L; it follows from [7, 1.1.12] that the Weyl 
group m’, of L is the stabilizer of the subspace Fr of P fixed by r; in this 
case C,(r) = C,(r). Therefore it suffices to consider the case that z is does 
not have an eigenvalue 1. 
Take first T E @. Then d, is the unique degree of a polynomial invariant 
of @ such that dl dO. Hence W(T) = N,( T)/C,( T) 2 (0). The possibilities 
for f,(x) are identified by Springer in [6, Sect. 51. It follows that d= d, 
with two exceptions, in which case d = id,. These occur when d = 3 and I?’ 
has type G, and when d = 15 and w has type E,. Since r 1 (q’ - 1, f*(q)) for 
c < d, it follows from (3.1) that t 4 C,(o’) for c < d. Thus when d = d,, t is 
in general position; so t is a regular element of G [7]. In the exceptional 
cases, we have both t and T are centralized by vd where vd is an involution. 
In either case, CG(od) has Weyl group with a polynomial invariant of 
degree divisible by d. If G has type G2, C,(ud) has type 2A,, then it does 
not contain elements of order r since 1q2 - 1 I1. = 1. If @ has type E,, then 
its maximal Weyl subgroups have type D,, A, x E,, A, x E,, A, x D,, 
A, x A,, or A,, none which has a polynomial invariant of degree divisible 
by 15. Therefore t is still in general position in these cases. 
SO take T$ I?? It still follows that ICp(t)l =d,. In this case @has type 
A,, D,, E,, 2C2, ‘G2, or 2F4. By [6, Theorem 6.41 d, is the unique degree 
of a polynomial invariant fO such that d I d,,eO, where e, is the multiplicative 
order of the factor .sO of r~ associated with fO. Veldkamp [ 1 l] shows that 
t is regular in the last three cases since T is anisotropic. Springer has 
identified f,(x) for these cases in [6, Sect. 63 in the first three cases, and it 
follows that d=e,d,. Furthermore, e,= 1~1 with one exception. When 
ITI = 1~1 d,, it follows that u 16’ E R so W(T) = (Use’ ). Then clearly t is in 
general position. When e, # 101, IT’ has type 2 E,, e, = 1, and d, = 12. But 
now u2 E W(T) and so t $ C,(02’) for c / 6. Since W(T) is cyclic of order 12, 
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it follows that t 4 C,(v), where W(T) = (v) and v* = u. Thus again t is in 
general position. Therefore t is regular. 
Because r is not a torsion prime for G, C,(t) is abelian by (1.7). Hence 
T= C,(t) and R is an S,-subgroup of C,(t). It follows from Theorem (3.4) 
that r-elements of G are rigid. 
(ii) Take t to be a rigid r-element of G, and let R be the cyclic 
S,-subgroup of C,(t). Since R is cyclic, it is also an S,-subgroup of G. By 
Theorem (3.4), r is not a torsion prime and t is a regular semisimple 
element of G. It follows from (1.7) that C,(t) = T. Thus T is nondegenerate. 
Let O’(T) = @r= i F, be the decomposition into subgroups of order 
fir(q) I’, where fr(q) = nf=, fir(q) given by Theorem (2.7). Since R is 
cyclic, exactly one factor fiT(q) is divisible by r; so we may take 
JR1 = IT,I,=f,r(q),=fr(q)r= ITI,. Set o=Int(g)r, where T= “TO and 
gEG. By Theorem (3.1), t 4 C,(o’) f or any integer c such that c 1 d and 
c < d since C,(t) = T. Hence r j q’ - 1 when c 1 d and c < d by virtue of 
Theorem (3.1). Hence r j Qe(q) when Q,(x) I f,(x) and e#d, and r 
is a Zsigmondy prime relative to T. Then f,(x) = Qd(x)TT(x), where 
tm? @d(X)) = 1. 1 n particular, t will be strongly regular if it is shown to 
be regular. 
It remains to show that r is a regular element of w(rO). Consider first 
the case that G does not have type 2C2(22n+1), 2G2(32n+1), or 2Fd(22n+1). 
Without loss of generality, we may assume that the cocharacter group P of 
G is generated by the coroots of G. This is because a rigid r-element 
remains rigid in any nontrivial homomorphic image of G. Indeed, r is a 
Zsigmondy prime; so (r, Z(G)) = 1 implies that C,,,(t) is still abelian for 
any group 2 c Z(G). Because @Jx) 1 fir(x), it follows that the summand 
Y, contains a Z[z]-submodule U, whose minimal polynomial is @Jx). It 
follows from Theorem (2.14) that either r is regular or there are at least 
two summands in (2.4). In the latter case, the Weyl subgroup W2 fixes the 
submodule Y,. Then the image T, = 0( Y,) is a degenerate torus of order 
fir(q), where r 1 @Jq) and @Jq) 1 fir(q). This contradiction shows that t 
is regular. 
It remains to prove that t is regular when G has type 2C2(22n+ ‘), 
2G2(32n+1), or 2F4(22n+1 ). When G has type *G2(3*“+‘), the results of 
Veldkamp [lo] give three classes of elements in t0 w, one of order 2 and 
two of order 12. By Theorem 6.4(v) of [6], there are three regular classes.* 
Thus all elements of Wzo are regular. The same result holds for the case 
where G has type *C,(2*“+ ‘). 
When G has type 2F4(22n+’ ), there are 11 nonidentity classes in r0 8’. By 
’ The statements made in [7; 6, 121 indicate that there is only one regular class of order 12, 
although the formula presented in Theorem 6.4(v) gives two. 
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the results of Springer [6, Table 91, there are 8 classes of regular elements3 
In two of the remaining classes z has order 8; in the other, it has order 4. 
Veldkamp [11] shows that T has elementary divisors q2 - 1 and 
q2 f ,,,bq + 1 in the first two cases and q4 - 1 = (q2 - l)(q* + I) and 
elementary divisors of r are q2 - 1 and q2 + 1 when 1~1 =4. Of course, these 
give the polynomials fr(q). 
In the case Iz/ = 4, fir(x) is rational; so the preceding analysis applies. 
Hence consider that /tl = 8. From Veldkamp’s list, we see that in the other 
three cases where T is regular and ItI =8, f,(.x)=fi,(x)f2(x), where 
fir(x) =x2 f &X + 1. These cases correspond to a regulated extended 
Weyl group of the form w, x wz, where @, and m, have the type ‘C,. It 
is known and can be easily computed by the techniques of [12] that a 
Weyl group w of type F4 has a Weyl subgroup of type C2 x C, (which is 
obtained from a subgroup of type C,). It follows in turn that an extended 
Weyl group of type *F4 has elements with characteristic polynomials 
x2 f 3x + 1 or x*-$x + 1 and x2 - 1 associated with elements of 
orders 8 and 2 in subgroups of type 2C2, respectively. There exists an 
element z E F/(Q) that regulates IT’1 x Pz which has the form z = t1t2, 
where fi,(x)=f,,(x)=x2+~x+ 1 or x2--$x+ 1 and fir(x)= 
f,,(x) = x2 - 1. In this case, the torus T intertwined by z has the desired 
characteristic polynomial. It is contained in a Chevalley subgroup 
G = Gi x G2, where Gi has type ‘C2(2”‘+ ‘). Then T= T, x T2, where 
Tj=TnGi and IT,)=q2+&q+1 or q2-fiq+l and lT21=q2-1. 
Since Y I q2 + &‘q + 1, or r I q* - ,,hq + 1 as the case may be, it follows 
that t cannot be regular. This contradiction eliminates this case and proves 
the theorem. 
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